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Abstract 
Hwang, S.G., The monotonicity of the permanent function, Discrete Mathematics 91 (1991) 
99-104. 
Let Q, denote the set of all n x n doubly stochastic matrices and let J,, = [l/n],,,. It is 
conjectured that, for any SE Q,,, the permanent function is monotone increasing on the 
straight line segment from J, to S, or equivalently that for any 0, 0 < ,9 < 1, 
per[ (1 - 0)J, + /AS] < per S 
for all S E Q,. In this note we show that the polynomial equation 
(1) 
has a unique solution a;, in the open interval (0, 1) and that the inequality (1) holds for all 6, 
0 < 0 s a;, and for all S E Sz, with equality iff S = J,. 
1. Introduction 
Let m, n be positive integers such that m s n. For an m x n complex matrix 
A = [a,], the permanent per A of A is defined by 
per A = c al,(r) . . . am+) 
where the summation runs over all one to one functions o of (1, . . . , m} into 
(1,. . . ) n}. 
Let Q,, denote the set of all n x n doubly stochastic matrices and let .Z,, denote 
the n x IZ matrix all of whose entries are l/n. As usual, let Z, denote the identity 
matrix of order n. 
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Probably, one of the most interesting problems concerning the permanent 
function on $2, will be the following one which is referred to as the monotonicity 
of permanent in the literature (see [3], for example). 
Conjecture 1. The permanent function is montone increasing on the straight line 
segment from J, to any A E Sz,. 
It is easily seen that the above Conjecture 1 is equivalent to the following. 
Conjecture 2. Let 8 be such that 0 < 0 < 1. Then 
per[(l - f3)J, + OS] 6 per S 
for all S E Sz,. 
A special case of Conjecture 2 is the following one proposed by Wang [S]. 
Conjecture 3. For any S E 52,, n 2 2, 
Per ( 1 nJ,+s n+l < per S. 
Chang [22] showed the validity of Conjecture 3 in the complement of a 
sufficiently large neighborhood of J,, by proving a theorem asserting that 
per(s) <per(s), 
for any S E Gn. 
In this paper we show that the polynomial equation 
2 (1 - X)“-k(nX)k 
k=O k! 
_ (lL)n-‘(!s)n-2~0 
has a unique solution cu, in the open interval from 0 to 1 and also that the 
Conjecture 2 holds for all 8, 0 s 6 G a;, and for all S E Sz,. 
2. Main result 
Let (n) denote the set (1, . . . , n}. For k = 1, _ . . , n, let Qk,n denote the set of 
all strictly increasing k-sequences from (n). For a matrix A of order II, let u,(A) 
denote the sum of all subpermanents of order k. For &E Qk,n, 6 E Q,,n let 
A[cu ) /3] denote the k X 1 matrix obtained from A by taking the rows indexed by cy 
and the columns indexed by p, and let A( cx ) /3) = A[ (n ) - CY 1 (n ) - p]. 
Brualdi and Newman [l] proved the following lemma. 
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Lemma 1. Let k be an integer such that 16 k s n. Then, for any A E Q,, n 3 2, 
u,(A) =s “k . 
0 
(2) 
For k > 2, equality holds in (2) if and only if A is a permutation matrix. 
The following Theorem 1 has been proved in [4]. But, we give here another 
short elementary proof for it with the aid of Lemma 1. 
Theoreml. ForanySEQ,,, n32, andany 0, 0<8~1, 
per[(l - QZ, + 6S] G per[(l - 0).Z, + 0ZJ 
with equality if and only if S is a permutation matrix. 
Proof. For any n x n matrix X and any real numbers s and t, 
per&Z= + tX) = i: C snPktk per.Z,(a 1 p)perX[a I/3] 
k=O a,B~Qk,n 
= z. ~s.*t*uk(X) 
where we adopt the natural convention that, for any n X n matrix M, M(@ ( #) = 
M and per M[+ 1 #I= 1. 
Taking s = 1 - 8, t = 8, 0 < 8 s 1, we see that the assertion of the theorem 
follows from Lemma 1. 0 
Corollary. Let 8, 0 s 8 s 1 be given. Then 
per[(l - e)J, + es] =s per S 
for all S in the complement of a suficiently large neighborhood of J,. 
For a positive integer it, let 
1 n 
e,= l+- . ( 1 n 
Then 
Let 
w> 1 for all n = 1, 2, . . . . 
en 
qn(x) = i (1 -TkWk 
k=O k! ’ 
where we assume that 0’ = 1. Then 
per[(l - x)Jn + xZ~] = $ wn(x). 
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Since the permanent function is strictly increasing on the line segment from J, to 
Z, [3], I#=@) is a strictly increasing function of x on the closed unit interval [0, 11. 
Now, since ~~(0) = 1 and 
we see that there exists a unique solution which lies between 0 and 1 of the 
polynomial equation 
&(x)-:=0, n23. 
n 2 
For a real valued function f of Sz,, we call A E Q,, an f-minimizing matrix if 
f(A) c f (X) for all X E Sz,. For 8, 0 < 8 < 1, let he be a function of Q,, defined 
bY 
he(S) = per S - per[(l - 0)J, + OS]. 
Lemma 2. Let 8, 0 < f3 < 1, be given. Zf there is a positive h,-minimizing matrix, 
then 
per[(l - e)J, + es] c per S 
for all S E Q,, with equality if and only if S = J,,. 
Proof. Let A be a positive he-minimizing matrix, and let 
Then B is also a positive he-minimizing matrix. Thus by the General Averaging 
Lemma of [5], it follows that A(J, @ Zn-2) is also an ho-minimizing matrix. Let 
M = (52 @ Z,_,)(Z, @ Z2 @ I,_,) . . . (In-3 @ J2 @ Z,)(Z,_, @J,). 
then MkAMk is also an he-minimizing matrix. Therefore J,, = limk_, (MkAMk) is 
an he-minimizing matrix so that 
per S - per[(l - f3)J, + OS] = he(S) 2 h,(J,) = 0. 
Suppose that A #J,. Then at least one entry of A, say the (1, l)-entry, is strictly 
less than l/n. Let C = (I, @ J,_l)A(Z, G3 J,_l). Then C lies on a line segment from 
J,, to the matrix 
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on which it is known that the permanent function is strictly increasing [7] so that 
he(C) > 0. But C is also an &minimizing matrix giving us that he(C) = 0, a 
contradiction. So, it must be that A = J, and the proof is completed. 0 
Now we are ready to prove the following theorem. 
Theorem 2. Let a;, be the unique solution in the open interval from 0 to 1 of the 
polynomial equation 
q.(x)-:=O, n23. 
” 2 
Then, for any 0, 0 < 8 s (y,, and any S E Q,,, 
per[(l - e)J, + OS] < per S 
with equality if and only if S = J,,. 
Proof. Let 8, O< 8 G cu,, be given. We are to show that J, is the unique 
he-minimizing matrix. 
Let A be any he-minimizing matrix. Suppose that A is not a positive matrix. 
Then by [6], per A 3 per T, where T, is the matrix defined in the proof of Lemma 
2. Hence by Theorem 1, 
h,(A) = per A - per[(l - e)J, + 8A] > per T, - per[(l - e)J, + CU,] 
(n - l)! 
= (n - l)n-’ 
2; [z-q,&)] =O=h,(J,) 
since vn is a strictly increasing function on the interval [0, l] and since 
0 < 8 < cu, < 1. Therefore it must be that A is a positive matrix and hence that 
A = J,, by Lemma 2. •i 
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